The relativistic multiresonator magnetron is analyzed in full cylindrical geometry, using the two-dimensional particle-in-cell simulation code MAGIC. The computer simulations show the same dependence of microwave power on axial magnetic field as measured in the experiment. It is found that the electron flow in the preoscillation regime differs substantially from ideal Brillouin flow, and that the nonlinear regime is characterized by large-amplitude spoke formation. By analyzing a class of relativistic magnetrons for a wide range of operating voltage and axial magnetic field, it is found that the optimal microwave power exhibits an approximately cubic dependence on the applied diode voltage. Moreover, the simulations indicate that relativistic magnetrons with small aspect ratio oscillate predominantly in the ir-mode, whereas magnetrons with large aspect ratio can oscillate in various modes which depend upon the system parameters. Finally, it is shown that a finite power-supply impedance can modify strongly the resonance condition, thereby significantly degrading the magnetron performance.
I. INTRODUCTION
In conventional magnetrons [1] , [2] , voltages of a few hundred volts to tens of kilovolts are applied between an anode and a heated, thermionic cathode. Power levels from tens of watts to hundreds of kilowatts can be achieved in the decimeter and centimeter wavelength range with conversion efficiencies as high as 80%. While research on conventional magnetrons has a long history, the resurgence of interest in magnetrons has been triggered, in large part, by the pioneering work of Bekefi, Orzechowski, and Palevsky [3]- [5] .
Since the classic experiments on the so-called A6 magnetron [5] , which produced an unprecedented rf output power of 900 MW, the A6 magnetron configuration has become the prototype for the next generation of relativistic magnetrons [6]- [10] . In a relativistic magnetron, a field-emission diode is pulsed in the several hundred kilovolt to megavolt range in order to generate microwaves at gigawatt power levels. Intense experimental efforts in the United States and the former Soviet Union have led to the development of more powerful relativistic magnetrons in a variety of design configurations [11]- [17] . In recent years, the phenomenon of phase locking in relativistic magnetrons has been the subject of active experimental [18]- [20] and the6retical [21] , [22] research.
Although magnetrons are widely used as microwave sources, a fundamental understanding of the underlying interaction physics is still being developed [7] , [9] , particularly in the nonlinear regime. Much of the theoretical challenge in describing multiresonator magnetron operation arises from the fact that the electrons emitted from the cathode interact in a highly nonlinear way with the electromagnetic waves in the anode-cathode gap. This is manifest through strong azimuthal bunching of the electrons and the formation of large-amplitude "spokes" in the circulating electron density. In this regard, computer simulation studies provide a particularly valuable approach to analyze the interaction physics and nonlinear electrodynamics in magnetrons.
In this paper, we report the results of a comprehensive simulation study of relativis-tic multiresonator magnetrons in full cylindrical geometry, using the two-dimensional particle-in-cell (PIC) simulation code MAGIC [23] . The code includes cylindrical, relativistic, and electromagnetic effects in a fully self-consistent manner. Unlike past numerical studies [24] - [28] of relativistic magnetrons, we use an improved simulation model that allows us to examine a variety of effects in relativistic magnetrons. In particular, our investigations [29], [30] have focused on the following: (i) the characteristics of relativistic magnetrons, such as output rf power and electron flow properties; (ii) the scaling and parametric dependence of microwave emission on fundamental system parameters; and (iii) the effects of finite power-supply impedance. Preliminary results of these investigations have been published elsewhere [29] .
The present work shows that many characteristics observed in the experiments on the relativistic A6 magnetron configuration can be reproduced semi-quantitatively in two-dimensional particle-in-cell computer simulations. Moreover, the present simulation studies reveal that relativistic magnetrons have the following important properties. First, in the preoscillation regime, the electron flow differs substantially from ideal Brillouin flow. Second, the microwave power from a relativistic magnetron exhibits an approximately cubic dependence on the applied diode voltage. Finally, by comparison with an ideal power supply with negligibly small internal impedance, it is shown that finite impedance of the power supply can strongly modify the resonance condition and degrade significantly the magnetron performance.
After describing briefly the numerical model (Sec. II), we discuss the results of an extensive simulation study of the A6 magnetron configuration, and compare the simulation results with experimental measurements (Sec. III). In Sec. IV, we examine the output power of a class of relativistic magnetrons for a wide range of operating voltage and axial magnetic field, and show that there is a power-law scaling relation between the optimal microwave power and the applied diode voltage. In Sec. V, we address the question of how geometric parameters, particularly the diode aspect ratio, affect the process of mode selection in a relativistic magnetron. It is also shown that the finite impedance of the power supply can have a strong influence on relativistic magnetron performance.
II. NUMERICAL MODEL
In the simulations, cylindrical, relativistic, and electromagnetic effects are included in a fully self-consistent manner. The two-dimensional Maxwell equations and threedimensional relativistic particle orbit equations are integrated numerically for about 4 x 10' time steps, using more than 3 x 104 macroparticles and a nonuniform, two-dimensional grid consisting of approximately 3 x 10' cells. A radially nonuniform grid is used to resolve small-scale variations in the particle velocities and positions and field quantities, particularly in the interaction region (a < r < b). The cross section of the A6 magnetron configuration is illustrated in Fig. 1 , where the applied axial magnetic field (Bf e) points out of the page and provides magnetic insulation of the electron flow. The simulations are performed using MAGIC [23] , a two-dimensional particle-in-cell (PIC) code developed by B. Goplen, et al.
In the simulations, the anode and the cathode are taken to be perfect conductors, and the rf power is extracted through an output window placed in an open resonator along the dashed line in Fig. 1 . At the window, the boundary conditions are such that most of the electromagnetic wave energy is absorbed, whereas a negligibly small fraction of the wave energy is reflected back into the cavity. Such a window yields an effective quality factor of Q ; 100 for the A6 magnetron oscillator. The rf power delivered to the window (i.e., the rf power output) is given by the net flow of electromagnetic energy expressed as an area-integral of the Poynting flux through the window surface.
The electrons are emitted from the cathode through a space-charge-limited field emission process in which the instantaneous electric field normal to the cathode surface van-ishes. On the other hand, electrons are absorbed by the anode or the cathode whenever they strike the anode or cathode surface.
An important aspect of the simulation model concerns the application of a highvoltage pulse from an external power supply to the magnetron diode. Because the voltage pulse rises slowly compared with the electron cyclotron period and the rf oscillation period, the magnetic field induced by the changing voltage pulse is neglected, and a quasi-static model is used to describe the high-voltage pulse. In this model, the diode voltage is given by
where Vo(t) is the voltage pulse provided by the power supply, Zo = const is the internal impedance of the power supply, and Z(t) is the magnetron impedance. The magnetron impedance Z(t) and the diode voltage VD(t) are determined self-consistently in the simulations. For an ideal power supply with Zo = 0, the diode voltage is given simply by
VD(t) = Vo(t).
In the simulations, the voltage pulse Vo(t) is assumed to have the form 
III. SIMULATION OF THE A6 MAGNETRON
The A6 magnetron configuration [5] , which demonstrated in the late 1970s microwave emission at unprecedented high power levels, has become the prototype for relativistic Three remarks are in order concerning the simulation results shown in Fig. 3 . First,
we are unable to obtain from the simulations the rf power for B 1 < 6.0 kG. As the axial magnetic field B 1 is decreased from 6.0 kG, the diode current becomes increasingly large, as will be shown later in Fig. 6 . This results in a rapid decrease in the diode impedance Z. For example, the impedance of the A6 magnetron diode at B 1 = 5.5 kG is estimated to be Zo = 3 Q from the simulations, which is comparable to the internal impedance 
B. Electron Flow Properties
Electron flow properties in the relativistic A6 magnetron have also been examined numerically. Figure 4 shows radial plots of the azimuthally-averaged charge density e(ne)(r,t) = (2r) 1 f'j en,(r, ,t)d9 at several instants of time for the same values of system parameters as in Fig. 2 . In Fig. 4 , the outer radius of the electron layer Although the azimuthal bunching of the electrons is relatively small for t < 4 ns, as seen in Fig. 5(a) , by i z 6 ns the system begins to enter a nonlinear regime characterized by the formation of a large-amplitude, coherent, rotating spoke structure. Highly developed spokes are evident in Fig. 5(b) , which shows density-contour plots at t = 8
ns. The appearance of three spokes is a result of the interference between the 7r-mode and the 27r-mode oscillations. As the system evolves, the spokes rotate azimuthally in synchronism with the rf waves for many circulation periods around the magnetron, sustaining high-current flow from the cathode to the anode. By saturation (t ~ 10 ns), 
C. Beam Loading
The presence of the intense nonneutral electron flow can alter the properties of a relativistic magnetron oscillator, such as the output frequency and the quality factor of an oscillating mode. This phenomenon is known as beam loading. A measure of beam loading in a relativistic magnetron is the diode current or the characteristic electron density. By varying the diode current, which can be accomplished by changing the axial magnetic field B 1 , we have been able to examine qualitatively the effect of beam loading on the magnetron oscillation frequency. Figure 6 shows the time-averaged diode current and the frequencies of the 7r-, 27r-, and 57r/3-mode oscillations as a function of the magnetic field B 1 for the A6 magnetron configuration for the same choice of system parameters as in Fig. 3 . As the diode current increases (by decreasing the magnetic field B 1 ), the emission frequencies decrease, as evident from Fig. 6 . On the other hand, as the diode current decreases (by increasing the magnetic field B 1 ), the emission frequencies approach the values f = 2.3,4.55, and
GHz, which are the same as those calculated from the vacuum dispersion relation [5]
for the 7r-, 21r-, and 57r/3-modes, respectively. Note that only for an ideal power supply Bekefi [5] that magnetrons with a large anode-cathode gap (small-aspect-ratio) favor 7r-mode operation. Because the electric field excitation for the 27r-mode is mostly azimuthal near the cathode, it is plausible to argue that the 27r-mode does not interact strongly with the electrons, thereby resulting in a relatively weak azimuthal bunching and energy transfer from the electrons to the rf field. On the other hand, the radial and azimuthal components of the electric field for the 7r-mode are comparable in magnitude near the cathode, and the 7r-mode field pattern allows for a strong coupling of the electromagnetic wave with the circulating electron flow.
In a magnetron with the large aspect ratio A = 4.7, it is found that the ir-, 27r-and 57r/3-modes can be excited, either independently, or in combination within the Hull cutoff curve and the Buneman-Hartree threshold curve VBH(ir) for the 7r-mode, as il-lustrated in Fig. 8(b) . Because the radial and azimuthal components of the electric field for the 7r-mode, the 27r-mode, and the 57r/3-mode are comparable in magnitude near the cathode, a strong coupling of these modes with the circulating electron layer can be realized by increasing the magnetic field so that the electron flow is tuned successively in resonance with the 7r-mode, the 27r-mode, and the 57r/3-mode. This is also true for the A6 magnetron, which has the aspect ratio A = 3.0, as discussed in Sec. III.
B. Effects of Finite Impedance of the Power Supply
The high conducting current of a fully oscillating, relativistic magnetron can result 
VI. CONCLUSIONS
The fundamental interaction physics and nonlinear electrodynamics in relativistic magnetrons have been analyzed using two-dimensional particle-in-cell simulations. The present analysis incorporated the full effects of cylindrical geometry with corrugated anode boundary. It was shown, for the first time, that many characteristics observed in relativistic A6 magnetron experiments can be reproduced semi-quantitatively using twodimensional particle-in-cell computer simulations. In particular, the simulation results
showed the same dependence of microwave power on magnetic field as measured in the A6 magnetron experiments 151.
It was also found that the electron flow in the preoscillation regime differs substantially from ideal Brillouin flow, and that the nonlinear regime is characterized by largeamplitude spoke formation. Moreover, the frequency of magnetron oscillations was observed to decrease as the beam loading becomes more pronounced. By analyzing a class of relativistic magnetron configurations over a wide range of operating voltage and axial magnetic field, it was shown that the optimal microwave power emission exhibits an approximately cubic dependence on applied diode voltage. The simulations indicated that magnetrons with small aspect ratio oscillate predominantly in 7r-mode, whereas magnetrons with large aspect ratio can oscillate in various modes which depend upon the system parameters. Finally, it was shown that finite impedance of the power supply can modify strongly magnetron tuning features, thereby significantly degrading performance.
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